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Transitioning scenario of Bianchi-I universe within f (R, T ) formalism
Anil Kumar Yadav∗
Department of Physics, United College of Engineering and Research, Greater Noida - 201310, India
In this paper, we report the existence of transitioning scenario of Bianchi type I universe in the
context of f (R, T ) gravity with special case f (R,T ) = f1(R) + f2(R)f3(T ) and it’s functional
forms f1(R) = f2(R) = R and f3(T ) = αT with α being constant. The exact solution of the
Einstein’s field equations are derived by using the generalized hybrid expansion law that yields the
model of transitioning universe from early deceleration phase to current acceleration phase. Under
this specification, we obtain the singular as well as non singular solution of Bianchi type I model
depending upon the particular choice of the value of problem parameters. We also notice that the
validation of weak energy condition and dominant energy condition and violation of strong energy
condition occurs for these values of problem parameters. The deceleration parameter is found to be
negative at present (z = 0) in the derived model which is supported by recent observations.
PACS numbers: 04.50.kd, 98.80.Jk
I. INTRODUCTION
In order to explain the cosmic acceleration, f(R, T )
theory of gravity [1] are an optimistic alternative of
general relativity with cosmological constant (Λ) because
GR with (Λ) faces some problems on theoretical ground
like cosmic coincidence and fine tuned. The Refs. [2, 3]
have evidence that the model of accelerating universe
without cosmological constant (Λ) is possible only when
about 95% energy/matter contents of the present uni-
verse is in the form of dark energy/matter [4]. However
the nature of dark energy/matter is still dubious [5–8].
In f(R, T ) gravity, the matter Lagrangian is coupled
with Ricci scalar (R) and trace of energy momentum
tensor (T ) [9–11]. The T - dependence f(R, T ) gravity
leads to the possibilities of consideration of quantum
effects that yields the probabilities of production of
particles [15]. Such possibilities may give a clue that
there is a connection between quantum theory of gravity
and extended theory of gravity with matter-geometry
coupling.
Despite of recent elaboration, the f(R, T ) theory of
gravitation has already been applied in Astrophysics
[20–25] as well as in Cosmology [9–12, 14, 16]. Shabani
and Farhoudi [26] have deliberated the cosmological
and solar system consequences of f(R, T ) gravity
model. The Refs. [26] deals with parametrized post-
Newtinian parameter for f(R, T ) theory of gravitation
and shows that this model may accept admissible values
of parametrized post-Newtinian parameter especially
1 in case of f(R, T ) = f1(R) + f2(T ). In the recent
past, Kiani and Nozari [19] have studied f(R, T ) model
based on the scalar perturbation in the space-time. In
[9, 20, 21, 23] the authors have investigated wormhole
solution in f(R, T ) gravity. Moraes and Sahoo [9] have
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deliberated non-minimal matter-geometry coupling,
governed by hybrid expansion law for isotropic and
homogeneous universe. Our main goal in the present
paper is to develop the anisotropic non-minimal matter
geometry coupling in f(R, T ) theory of gravity by
taking into account the generalized hybrid expansion law
[13, 34] that generates transitioning model of universe
and describes both the early decelerated phase and
present accelerated phase of universe expansion as well
as transition between these two regimes. Shen and
Zhao [27] have studied quintom model of universe in
f(R, T ) gravity which gives the periodic varyiation of
deceleration parameter. In the Ref. [36], the authors
have elaborated the the idea of accelerating universe
without attribution of dark energy/dark mater in f(R, t)
theory of gravitation and show that the acceleration
is the geometrical property of the present universe.
Recently, Moraes et al [37] have searched a cosmolog-
ical scenario from the Starobinsky model with in the
framework of f(R, T ) = R + αR2 + 2γT formalism with
α and γ being constant. In the present paper we will
focus our attention on f(R, T ) = f1(R) + f2(R)f3(T )
gravity which has shown to provide an alternative to the
cosmological issues like cosmic coincidence and fine tune
in general theory of relativity. Also, the Refs. [9, 38]
give an evidence that f(R, T ) gravity does not need to
invoke the dark energy/dark matter for acceleration.
A Bianchi type I universe is the simplest and straight-
forward generalization of FRW universe because it de-
scribes homogeneous and anisotropic universe with dif-
ferent scale factors along each spatial directions. De-
spite of recent elaboration, in the literature, several au-
thors have studied Bianchi type I model in different phys-
ical contexts [28–32]. In the present paper, we con-
fine ourselves to study the non-minimal matter geome-
try coupling governed by generalized hybrid expansion
law within f (R, T ) formalism . The paper is organized
as follow: in section 2, we formulate basic mathematical
formalism of f (R, T ) = f1(R)+ f2(R)f3(T ) gravity with
2specific choice i.e. f1(R) = f2(R) = R and f3(T ) = αT .
In section 3, we have computed the field equations for
f (R, T ) = R + αRT theory of gravitation in Bianchi
type I space-time. The physical consequences of the de-
rived model and energy conditions have been discussed
in section 4. In section 5, we have concluded our results.
II. THE f (R, T ) = f1(R) + f2(R)f3(T ) GRAVITY
The f (R, T ) theory of gravity is the modification of
general relativity (GR). The action for f(R, T ) theory is
given by [1, 10]:
S =
∫ √−g
(
f(R, T )
16piG
+ Lm
)
dx4, (1)
where f (R, T ) is an arbitrary function of the Ricci scalar
R and the trace T of energy momentum tensor Tij while
Lm is the usual matter Lagrangian.
The energy momentum tensor Tij is read as
Tij = − 2√−g
δ (
√−g Lm)
δgij
(2)
The gravitational field of f(R, T ) gravity is given by
[f ′1(R) + f
′
2(R)f
′
3(T )]Rij − 12f ′1(R)gij +
(
gij ▽i ▽i −▽i▽j
)
× [f ′1(R) + f ′2(R)f ′3(T )] =
[
8pi + f2
′(R)f3
′(T )
]
Tij+
f2(R)
[
f ′3(T )p+
1
2f3(T )
]
gij
(3)
Here, f(R, T ) = f1(R) + f2(R)f3(T ) and primes denote
derivatives with respect to the arrangement. We assume
f1(R) = f2(R) = R and f3(T ) = αT , with α as a con-
stant [9].
Thus the equation (3) yields
Gij = 8piT
(eff)
ij = 8pi(Tij + T
(DE)
ij ) (4)
where, T
(eff)
ij , Tij and T
(DE)
ij represent the effective en-
ergy momentum tensor, matter energy momentum tensor
and dark energy term respectively. The dark energy term
is read as
T
(DE)
ij =
αR
8pi
(
Tij +
3ρ− 7p
2
gij
)
. (5)
It is worth to note that the term T
(DE)
ij arises due the
matter-energy coupling in present theory [9].
By applying the Bianchi identities in equation (4) yields
▽i Tij = −αR
8pi
[
▽i(Tij + pgij) + 1
2
gij ▽i (ρ− 3p)
]
(6)
III. THE METRIC AND FIELD EQUATIONS
The line element of Bianchi type I space-time is read
as
ds2 = dt2 −A2 dx2 −B2 dy2 − C2 dz2, (7)
where A = A(t), B = B(t) and C = C(t) are functions
of t only.
The line-element (7) and field equation (2) lead the fol-
lowing equations:
B¨
B
+
C¨
C
+
B˙C˙
BC
= −8pip(eff) (8)
C¨
C
+
A¨
A
+
A˙C˙
AC
= −8pip(eff) (9)
A¨
A
+
B¨
B
+
A˙B˙
AB
= −8pip(eff) (10)
A˙B˙
AB
+
B˙C˙
BC
+
C˙A˙
CA
= 8piρ(eff) (11)
Here, ρ(eff) = ρ + ρ(DE) = ρ − 3α8pi
(
a¨
a
+ a˙
2
a2
)
(3ρ − 7p),
p(eff) = p + p(DE) = p + 9α8pi
(
a¨
a
+ a˙
2
a2
)
(ρ − 3p) and
a = (ABC)
1
3 is average scale factor.
The above equations (8)−(11) can also be written as
(ABC)¨
ABC
= 12pi(ρ(eff) − p(eff)) (12)
A. Solution of field equations & physical
parameters
The generalized HEL form of scale factor [13, 32, 34]
is given by
a = [tnexp(λt)]
1
m (13)
where, m, n and λ are positive constants.
Solving equations (8)−(11) with equation (13), we ob-
tain
A(t) = a1[t
nexp(λt)]
1
m exp
[
b1
∫
(tnexp(λt))
−
3
m dt
]
(14)
B(t) = a2[t
nexp(λt)]
1
m exp
[
b2
∫
(tnexp(λt))
−
3
m dt
]
(15)
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FIG. 1: Variation of ρ(eff) (left panel) and p(eff) (right panel) versus time for b1 = .3, b2 = .7, b3 = −1, λ = 0.25, m = 1.25,
n = 0.75.
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FIG. 2: The behavior of deceleration parameter (left panel) and ω eff (right panel) versus time for b1 = .3, b2 = .7, b3 = −1,
λ = 0.25, m = 1.25, n = 0.75.
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FIG. 3: Validation of WEC for b1 = .3, b2 = .7, b3 = −1, λ = 0.25, m = 1.25, n = 0.75
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FIG. 4: Validation of DEC for b1 = .3, b2 = .7, b3 = −1, λ = 0.25, m = 1.25, n = 0.75
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FIG. 5: Violation of SEC for b1 = .3, b2 = .7, b3 = −1, λ = 0.25, m = 1.25, n = 0.75
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FIG. 6: Evolution of DP with z for different values of λ and n.
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FIG. 7: Variation of △ (left panel), θ (upper right panel), σ2 (lower left panel) and H (lower right panel) versus time for
b1 = .3, b2 = .7, b3 = −1, λ = 0.25, m = 1.25, n = 0.75.
C(t) = a3[t
nexp(λt)]
1
m exp
[
b3
∫
(tnexp(λt))
−
3
m dt
]
(16)
where a1, a2, a3, b1, b2 & b3 are constants that fulfill the
following requirements:
a1a2a3 = 1 & b1 + b2 + b3 = 0.
The deceleration parameter of derived model is given by
q =
mn
(n+ λt)2
− 1 (17)
Solving equations (8)−(11) and (14)−(16), the expres-
sions for ρ(eff) and p(eff) are respectively read as
8piρ(eff) = 3
m2
(
λ+ m
t
)2
+ (b1b2 + b2b3 + b3b1)×
[tnexp(λt)]−
6
m .
(18)
8pip(eff) = 6b1
m
(tnexp(λt)−
3
m
[
3(λ+ m
t
)− 3t3exp(λt)]
−(b1b2 + b2b3 + b3b1)[tnexp(λt)]− 6m + 2nmt2
− 3
m2
(
λ+ m
t
)2
.
(19)
IV. PHYSICAL CONSEQUENCES OF THE
MODEL & ENERGY CONDITIONS
We observe that the equations (14)−(19), identically
satisfy equation (12). Hence the solutions obtained in
this paper are exact as well as important for describing
the dynamics of physical universe. The Hubble’s parame-
ter is computed asH = 3
m
(
n
t
+ λ
)
. In the derived model,
it has been seen also seen that the expansion scalar (θ)
is proportional to Hubble’s parameter (H) and V = a3.
The anisotropy parameter and shear scalar are read as
△ = m
2(b21 + b
2
2 + b
2
3)
27
(
n
t
+ λ
) [tnexp(λt)]− 6n (20)
σ2 =
(b21 + b
2
2 + b
2
3)
2
[tnexp(λt)]−
6
n (21)
The anisotropy parameter and shear scalar decrease
with time that matches with the properties of realistic
universe.
The behaviour of ρ(eff) & p(eff) and deceleration
parameter (q) have been graphed in Figs. 1 − 2. It is
evident that ρ(eff) decreases with time and finally drops
to zero for long time and p(eff) is negative throughout
the evolution of universe. This behaviour of ρ(eff)
and p(eff) match with observed universe. Thus the
derived model may able to explain the dynamics of
accelerating universe without possible contribution of
dark energy/dark matter in f(R, T ) gravity. From the
right panel of Fig. 1, one may note that at beginning the
DP was positive and universe evolves with deceleration
but after some time q becomes negative which have
consistency with the model of accelerating universe. At
late time the value of q approaches to −1 which shows
6the fastest rate of expansion of universe at late time.
The ω(eff) = p(eff)/ρ(eff) and single plot of energy
conditions have been graphed in Figs. 2 − 5. From
the left panel of Fig. 2, it has been noticed that the
weak energy condition (WEC) and dominant energy con-
dition (DEC) have been satisfied in the derived model but
strong energy condition (SEC) is violated which ensures
that anti-gravitational effect - may be one of the pos-
sible cause of acceleration. The right panel of Fig. 2
depicts the behaviour of equation of state parameter
(ω(eff)) versus time. For accelerating universe the value
of ω(eff) must be lies in between -1 and 0. In the sim-
plest case, ω(eff) = −1 generates the ΛCDM model while
phantom model and quintessence model also arise when
ω(eff) < −1 and ω(eff) > −1 respectively. For our
model, we obtain present accepted numerical value of
ω(eff) as −1 for longer times.
From equation (13), one may express the scale factor in
the term of redshift (z) by taking into account the present
value of scale factor i.e. a0 = 1, as following
t =
n
λ
W
[
λ
n
(
1
1 + z
)]m
n
(22)
where W denotes the W -function or product logarithm.
Fig. 6 depicts the behaviour of DP with redshift for
different value of λ and n. Here we choose the values of
constant λ and n in agreement with the observational
constraints reported in [34]. It is worth to note that the
present values of q (i.e. at z = 0) are −0.25 and −0.35 for
λ = 0.25, n = 0.75 and λ = 0.35, n = 0.65 respectively.
These values are in agreement with recent observational
data [35]. From Fig. 3, one can check the value of
redshift at which the universe transit itself decelerated
phase to accelerated expansion. The transition of
universe occurs at ztr = 0.55, 0.44 corresponding to the
(λ, n) ∼ (0.25, 0.75) and (0.35, 0.75) respectively. The
WMAP observations [35] favors the value of ztr obtained
for (λ, n) ∼ (0.25, 0.75) that is why we have graphed
the other physical parameters by taking λ = 0.25 and
n = 0.75.
V. CONCLUSION
In the present work, we have searched the existence
of transitioning scenario of Bianchi-I universe with
f (R, T ) = f1(R) + f2(R)f3(T ). In particular the exact
solution of Einstein’s field equation have been obtained
by applying generalized hybrid expansion law of scale
factor and functional forms f1(R) = f2(R) = R and
f3(T ) = αT with α being constant. From left panel of
Fig. 1, one can observe that the effective energy density
is positive and decreasing function of time while the
effective pressure is negative through out the evolving
process of universe. The validation of energy conditions
have been graphed in Figs. 3 − 5. In the derived model
the validation of energy conditions excepts SEC shows
that the accelerating universe must violate SEC [33].
The behaviour of anisotropy parameter (△), expansion
scalar (θ), shear scalar (σ2) and Hubble’s parameters
(H) have been graphed in Fig. 7. The parameters
H , θ, △ and σ2 start with extremely large values and
continue to decrease with passage of time which mimic
the present scenario of universe.
It is worth to note that for m = 1 and
A(t) = B(t) = C(t) = a(t), our model reproduces
the result obtained in Ref. [9]. Thus our model gener-
alizes the solution obtained by Moraes and Sahoo [9]
and evoke the theory of f(R, T ) gravity in anisotropic
space-time. Further we analyze that for λ = 0, the
dynamics of derived model is governed by power law
which gives singular universe with big bang singularity
at t = 0. Similarly for n = 0, the derived model gives
the dynamics of singularity free universe. The DP (q)
is found to be positive in early universe and it becomes
negative at late time. The present value of q (z = 0)
is estimated as −0.25. This value of DP matches with
observational value of q at present epoch, reported in
Ref. [35]. The right panel of Fig. 2 shows the dynamics
of ω(eff) with passage of time. The evolving range
of ω(eff) in our model is agreed with previous results
[29, 39–41].
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